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A comprehensive numerical exploration of secondary finite-amplitude solutions in small-gap Taylor-Couette
flow for high counter-rotating Reynolds numbers is provided, using Newton-Krylov methods embedded within
arclength continuation schemes. Two different families of rotating waves have been identified: short axial
wavelength subcritical spirals ascribed to centrifugal mechanisms and large axial scale supercritical spirals and
ribbons associated with shear dynamics in the outer linearly stable radial region. This study is a first step taken
in order to provide the inner structure of the skeleton of equilibria that may be responsible for the intermittent
regime usually termed as spiral turbulence that has been reported by many experimentalists in the past.
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I. INTRODUCTION

Subcritical transition to turbulence in shear flows has been
studied for over a century and still remains an unsolved fun-
damental problem of hydrodynamic stability theory. Canoni-
cal open shear flows such as plane Couette �flow between
inertially sliding parallel plates� or pipe Poiseuille �flow in
an infinite pipe of circular cross section driven by a pressure
gradient� exhibit subcritical transition to turbulence without
mediation of a local bifurcation of their basic Navier-Stokes
solution. These flows are linearly stable for all Reynolds
numbers �1,2� although they undergo transition to turbulence
in practice. For plane Poiseuille �flow between parallel plates
driven by a pressure gradient�, even though there is a sub-
critical Hopf bifurcation �3� of the plane Poiseuille parabolic
profile for Reynolds number Re=5772, in practice this flow
becomes turbulent for Reynolds numbers as low as 1800.
Therefore, finite-amplitude perturbations must be responsible
for transition in this regime. The stability of open shear flows
with respect to finite-amplitude perturbations has been stud-
ied experimentally in the 1970s �4� and numerically in the
1980s �5–7� and 1990s �8,9�, although this matter has re-
cently regained much attention due to the discovery of a
large variety of finite-amplitude solutions of the Navier-
Stokes problem for plane Couette and pipe flows �10–13�
which rely on the self-sustaining mechanism of near-wall
turbulence within a minimal flow unit �14–17�.

Open shear flows share many common drawbacks when
studying the long-term behavior of turbulent or intermittent
regime. In plane Poiseuille or pipe experiments, intermittent
turbulent spots or puffs are advected downstream and sooner
or later leave the domain. Numerically, the imposed period-
icity in the streamwise direction not only overlooks the real
boundary flow conditions at the entrance and exit of the do-
main, but it also may artificially reinfect the leading and
trailing edges of localized spots, potentially leading to biased
lifetime measurements of those structures �18–20�.

The aforementioned difficulties can be overcome by
working within a naturally streamwise-periodic problem

such as Taylor-Couette flow �TCF� between independently
rotating concentric cylinders. Starting with the celebrated
work of Taylor �21�, TCF has been one of the most explored
problems of fluid dynamics in the last century, being an ex-
perimental, theoretical, and numerical benchmark problem
for bifurcation and hydrodynamic stability theories. TCF
may exhibit a huge variety of secondary supercritical steady,
time periodic, or almost periodic laminar flows before an
eventual transition to chaotic regimes �22�. We refer the
reader to standard monographs and references therein
�23,24�. However, the subcritical hysteretic nature of the
narrow-gap counter-rotating TCF has received little atten-
tion. Subcritical phenomena of TCF were first reported in the
past by Coles �25� and Van Atta �26� in the 1960s who ob-
served intermittent spiral patterns �usually termed as spiral
turbulence� below the linear stability boundary of the basic
circular Couette flow �CCF�. Linear nonmodal analysis has
shown a strong correlation between the hysteretic effects of
spiral turbulence and transient growth of infinitesimal pertur-
bations of the basic flow �27�. Recent experiments have ad-
dressed the similarities between the coherent nature of spiral
turbulence in plane Couette and Taylor-Couette flows �28�.
On those lines, recent numerical explorations have identified
parameter ranges in the narrow-gap limit of TCF where some
of the characteristics of the plane Couette flow can be recov-
ered �29�.

In this work we provide a comprehensive numerical ex-
ploration of rotating wave solutions in the counter-rotating
TCF for a small gap case frequently used by former experi-
mentalists and in nearby situations where spiral turbulence
may already be observed. This work addresses the subcritical
nature of short-wavelength spiral patterns that bifurcate from
the centrifugally unstable region of the CCF as well as other
exact solutions characterized by much longer axial wave-
lengths ascribed to the linearly stable shear region, some of
them not bifurcating from CCF.

This paper is structured as follows. In Sec. II we provide
the mathematical formulation of the problem. Section II A is
devoted to describe the solenoidal spectral method used to
discretize the Navier-Stokes equations. In Sec. II B we par-
ticularize our formalism for the search of rotating waves,
reducing the original problem to a system of nonlinear alge-
braic equations. Section III describes the linear stability*alvar@fa.upc.es
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analysis of the CCF. The critical axial and azimuthal wave
numbers found in the stability analysis are used in Secs.
III A and III B in order to find high and low axial wave-
number rotating waves, respectively.

II. MATHEMATICAL FORMULATION

We consider an incompressible fluid of kinematic viscos-
ity � and density � contained between two concentric rotat-
ing cylinders whose inner and outer radii and angular veloci-
ties are ri

�, ro
�, and �i and �o, respectively. The independent

dimensionless parameters appearing in this problem are the
radius ratio �=ri

� /ro
�, which fixes the geometry of the annu-

lus, and the Couette flow Reynolds numbers Ri=dri
��i /� and

Ro=dro
��o /� of the rotating cylinders, where d=ro

�−ri
� is the

gap between the cylinders. Henceforth, all variables will be
rendered dimensionless using d, d2 /�, and �2 /d2 as units for
space, time, and the reduced pressure �p= p� /��, respec-
tively. The Navier-Stokes equation and the incompressibility
condition become

�tv + �v · ��v = − �p + �v, � · v = 0, �1�

where v= �u ,v ,w� are the velocity components in cylindrical
coordinates �r ,� ,z�, satisfying the boundary conditions
v�ri�=Ri and v�ro�=Ro, where ri=ri

� /d and ro=ro
� are

nondimensional. The basic CCF is vB= �uB ,vB ,wB�
= �0,Ar+B /r ,0� with A= �Ro−�Ri� / �1+�� and B=��Ri
−�Ro� / �1−���1−�2�. We will assume that the flow is L�

periodic in the axial direction, so that the dimensionless do-
main is

�r,�,z� � D = �ri,ro� � �0,2�� � �0,	� , �2�

where 	=L� /d is the aspect ratio of the computational box.
In order to study the stability of the basic solution, the

flow is split up into the basic velocity field vB and pressure
pB, along with their respective perturbations u and q as fol-
lows:

v�r,�,z,t� = vB�r� + u�r,�,z,t� , �3�

p�r,�,z,t� = pB�r� + q�r,�,z,t�, �4�

with

� · u = 0, u�r = ri� = u�r = ro� = 0 , �5�

i.e., u is a solenoidal velocity field vanishing at the cylinder
walls. On introducing the perturbed fields in the Navier-
Stokes equations �1�, we obtain a nonlinear initial-boundary
problem for the perturbations u and q,

�tu = − �q + �u − �u + vB� · ��u + vB� , �6�

� · u = 0, �7�

u�ri,�,z,t� = u�ro,�,z,t� = 0, �8�

u�r,� + 2�,z,t� = u�r,�,z,t� , �9�

u�r,�,z + 	,t� = u�r,�,z,t� , �10�

u�r,�,z,0� = u0, � · u0 = 0 �11�

for �r ,� ,z��D and t
0. Equation �6� describes the nonlin-
ear space-time evolution of the perturbation of the velocity
field. Equation �7� is the solenoidal condition for the pertur-
bation and Eqs. �8�–�10� describe the homogeneous bound-
ary conditions for the radial coordinate and the periodic-
boundary conditions for the azimuthal and axial coordinates,
respectively, whereas Eq. �11� is the initial solenoidal condi-
tion for the perturbation field at t=0.

A. Spectral discretization

We discretize the perturbation u by a solenoidal spectral
approximation uS of order L in z, order N in �, and order M
in r,

uS�r,�,z,t� = �
l=−L

L

�
n=−N

N

�
m=0

M

alnm�t��lnm�r,�,z� , �12�

where �lnm are trial bases of solenoidal vector fields of the
form

�lnm�r,�,z� = ei�lk0z+n��vlnm�r� �13�

with k0=2� /	, satisfying

� · �lnm = 0 �14�

for �l ,n ,m�� �−L ,L�� �−N ,N�� �0,M�. The trial bases �13�
are therefore �	 ,2�� periodic in the axial and azimuthal di-
rections, respectively. The radial functions vlnm appearing in
Eq. �13� must satisfy homogeneous boundary conditions at
the inner and outer radii of the cylinders,

vlnm�ri,�,z� = vlnm�ro,�,z� = 0. �15�

The spectral scheme is accomplished when introducing ex-
pansion �12� in Eq. �6� and projecting over a suitable set of
test solenoidal fields,

�lnm = ei�lk0z+n��ṽlnm. �16�

Both sets vlnm and ṽlnm can be found in the Appendix. The
projection is carried out via the standard volume integral
over the domain D,

„�,�tuS…D = „�,�uS − �vB + uS� · ��vB + uS�…D �17�

for all �=�lnm with �l ,n ,m�� �−L ,L�� �−N ,N�� �0,M�,
where

�a,b�D = �
D

a� · bdD , �18�

and where � stands for complex conjugate. The pressure
term is canceled in the projection �30�, i.e., ��lnm ,�q�D=0,
leading to a dynamical system only involving the amplitudes
almn�t� of the velocity approximation �12�, i.e.,

Apqr
lnmdapqr

dt
= Bpqr

lnmapqr − Nlnm�a,a� , �19�

where we have used the convention of summation with re-
spect to repeated subscripts. In Eq. �19�, the matrices A and
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B stand for the projection of the time differentiation and
linear Laplacian-advection operators, whereas N is the pro-
jected nonlinear advective term. System �19� is integrated in
time by means of an implicit fourth-order backward differ-
ence method for the linear part with fourth-order polynomial
extrapolation for the nonlinear terms. Overall, the solenoidal
scheme used here is mainly based on previous spectral
schemes recently formulated and extensively tested for cy-
lindrical and annular geometries �1,13,31,32�. The computa-
tions presented in this paper have been carried out for �
=0.883, Ro=−1200, and Ri� �400,600�. All results shown
here are spectrally resolved. The spectral resolution used was
always within the range �L ,N ,M�� �14,24�� �14,24�
� �16,32�. An increase in the spatial resolution did not pro-
vide noticeable improvement.

B. Computation of rotating waves: Newton-Krylov methods
and azimuthal subspaces

For azimuthally rotating waves, we reformulate the prob-
lem in a suitable corotating frame such that the sought solu-
tion is steady in that coordinate system. Henceforth, we as-
sume that the perturbation field satisfies

u�r,�,z,t� = u�r,� − c�t,z,0�, ∀ t 
 0, �20�

with c� the a priori unknown azimuthal phase speed of the
wave. Relation �20� implicitly imposes the time dependence
structure of the coefficients alnm�t� appearing in our spectral
expansion �12� to be

alnm�t� = âlnme−inc�t. �21�

Formal substitution of Eq. �12� restricted to the coefficient
form �21� in Eq. �6� leads to a time-independent nonlinear
algebraic system,

Fnl�â,c�� � �inc�A + B	âlnm + N�â� . �22�

The solenoidal spectral formulation allows us to decouple
the system for each �n , l� azimuthal-axial pair. This nonlinear
system of equations is solved with a Newton-Krylov method
using GMRES �generalized minimum residual method� �33�
algorithm at every iteration. This algorithm is embedded
within an arclength continuation scheme that allows us to
follow the branch of the corresponding solution parametrized
in Ri �34�. The method described here has been successfully
applied in the computation of traveling wave solutions in
pipe flow �13,32�.

Newton methods require suitable initial seeds for â and c�

in order to converge to the solution. This can be accom-
plished by initially approaching to the rotating wave with
time integration �provided that this solution is stable� and
then estimating its speed. Another option consists in using
the linear stability analysis of the CCF and computing the
unstable eigenvectors and eigenvalues nearby the bifurcation
point. In general, bifurcating spirals in counter-rotating TCF
are unstable and they cannot be approached using the
Navier-Stokes time-marching scheme. These spirals are typi-
cally unstable with respect to other helicoidal perturbations
and therefore it is necessary to restrict the time integration
under some specific helicoidal subspace. In some cases, the

time integrations will be carried out within axial-azimuthal
subspaces with a fixed helicoidal slope in order to avoid
interactions with other spiral solutions. In those cases, the
spectral approximation �12� has the particular form

u�r,�,z,t� = �
�=−L

L

�
m=0

M

a�m�t�ei��k0z+n0��v�n̄m�r� , �23�

where n̄=�n0 and with n0 fixing the spiral shape, i.e., the
computed spirals have a fixed helicoidal orientation with
angle tan �=−n0 /k0.

III. RESULTS

The linear stability of the CCF is governed by the real
part ��n ,k� of the rightmost eigenvalue of the spectrum of
the linearized Navier-Stokes operator L=A−1B of Eq. �19�
for any �n ,k�= �n , lk0� azimuthal-axial pair. The neutral sta-
bility curves result from imposing ��k ,Ri�=0 for fixed n, Ro,
and �. These curves are shown in Fig. 1 for Ro=−1200, �
=0.883, and n� �0,6�. The critical azimuthal mode is nc
= 5 for kc=5.125 and Ri

c=447.35. Therefore, for Ri
Ri
c,

the first instability leads to a spiral flow �SF� with two pos-
sible helical orientation angles tan �= kc /nc. The SF re-
gime evolves to more complex flows as Ri is further in-
creased due to the presence of the nearby unstable azimuthal
modes n= 4, 6.

In the first part of our exploration, the computations were
carried out for the two first destabilized axial wave numbers
k0=5.125 and k0=3.76, corresponding to the critical values
at instability of the azimuthal modes n=5 and n=4, respec-
tively. The aspect ratio of the computational box is fixed with
value 	=2� /kc in each case. For Ri
Ric, forward time in-
tegration will generally lead to a destabilization of the basic
flow that does not converge to a specific spiral mode. In-
stead, spirals of different azimuthal symmetries compete
above the critical threshold and the dynamics of the problem
becomes very complex, leading to interpenetrating spirals,
wavy spirals, or even chaotic flows.

A. Short-wavelength rotating waves

For n0� �1,6�, we start with a random perturbation desta-
bilizing the flow far beyond the inner rotation critical value

n = 6

n = 5n = 4

n = 3

n = 2

n = 6

k

Ri

1 2 3 4 5 6 7 8
400

450

500

550

600

650

700

FIG. 1. Neutral stability curves corresponding to the most criti-
cal azimuthal modes �2�n�6� for Ro=−1200 and �=0.883.
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�Ri=500�; symmetry reduced time integration results in a
spiral mode with the prescribed symmetry, converging to the
stable upper branch of the bifurcated solution. The Newton-
Krylov method is applied afterward using the almost con-
verged spiral as initial seed, continuing the spiral mode as a
function of the inner Reynolds number and tracking it back
to its connection with the basic flow. Figure 2�a� shows the
angular-momentum distribution corresponding to the S5
mode for Ri=448. This spiral solution is represented by the
point � in the continuation curve corresponding to the ns
=5 family shown in Fig. 2�b�.

Arclength continuation of the S5 mode confirms that this
spiral flow is subcritical. The S5 mode is born in a saddle-
node bifurcation at Ri=445.65 slightly below the critical
value provided by the linear stability analysis. The continu-
ation algorithm allowed us to compute the lower unstable
saddle branch that reconnects with the base flow at Ri
=447.35. The other spiral flows from S2 to S6 were similarly
computed; all of them but S6 were found to be subcritical.
The saddle nodes of the subcritical spirals were found to be
substantially far away from their connections with the CCF.
In particular, subcriticality of S1,2,3 spirals is much more pro-
nounced than the rest, as shown in Fig. 2�b�.

The second dominant mode in the linear stability analysis
is n= 4 with associated axial wave number k0=3.76 and
Ri

c=458. In this case, we found richer bifurcation phenom-
ena, as shown in Fig. 3. For k0=3.76, the first instability
leads to an S4 supercritical spiral. The only S1 spiral found is
actually an S2 spiral with doubled axial periodicity �that we
termed as S2

2k0�. The S2
2k0 solution was found to be highly

subcritical with a connection with the CCF at Ri=475.7 and
a saddle-node point near Ri=460.1. Surprisingly, no pure S2
spiral mode was found to bifurcate locally from the basic
flow. Instead, the only S2 mode identified came out from a
pitchfork bifurcation of another n=4 spiral, S4

a. The S4
a

branch is born at a secondary subcritical Hopf bifurcation of
CCF at Ri=471.7, exhibits a saddle-node turning point at
Ri=465.25, and undergoes a pitchfork bifurcation to a pure
S2 mode at Ri=483.5. As in the case for ns=2 previously
described, time integrations in the n3 subspace never con-
verged to pure S3 spiral modes. These modes only appeared
from pitchfork bifurcations of a S6 spiral for Ri
500. Fi-
nally, S5 has similar features as S5 for k0=5.125.

B. Continuation to lower axial wave numbers

The computed spiral regimes originate from the CCF at
Hopf bifurcations; some of them are of subcritical nature.
Their instability is clearly related to centrifugal mechanisms
and their axial wavelength is consistent with the characteris-
tic width of the inner centrifugally unstable region r
� �ri ,rnod�, with rnod being the nodal radius satisfying
vB�rnod�=0. Spiral flows with higher azimuthal and axial
wave numbers tend to be less subcritical, whereas spirals
with lower azimuthal and axial wave numbers, although not
dominant at transition, clearly show more pronounced sub-
criticality. This motivates further exploration for lower val-
ues of k0 in order to find the large-scale axial dynamics typi-
cal of spiral turbulence. However, straightforward
continuation of the spirals shown above for lower values of
k0 was unsuccessful. The origin of the problem lies within
the discontinuous nature of the spectra of rightmost eigen-
values corresponding to the CCF as a function of k. A closer
look to the neutral stability curves shown in Fig. 1 for lower
azimuthal-axial wave numbers reveals the presence of sec-
ondary radial eigenmodes which become dominant in the
linearly stable shear region r� �rnod. ,ro� for considerably
lower values of k. This double-minima phenomenon is well
known in the literature of axially driven annular flows
�35,36�, although it has been overlooked for the case of
purely azimuthal shear flow. As an example, the azimuthal
mode n=3 has a critical axial wave number k
6.8 for Ri

471.1 and a secondary local minimum for k
2.5 for Ri

500.45. Figure 4 shows the real part of the rightmost ei-
genvalues of the linearized Navier-Stokes operator for Ri
=470 and Ri=500 as a function of k. Both eigenvalues cor-
respond to independent instability mechanisms, as their
eigenmode structure at bifurcation shows in Fig. 5. As a
result, the continuation curves of the previously found spiral
solutions exhibit turning points before k reaches lower val-
ues.

‖u‖
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S6S6
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S4

S3

S1

k = 5.125

γ

Ri

440 450 460 470 480 490
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100
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(a)

FIG. 2. �a� Angular-momentum L=rv� isosurfaces of the S5 spi-
ral mode for Ri=448 �point � in �b��. �b� Continuation curves of the
Sn0

spiral solutions as a function of Ri for 1�n0�6; k0=5.125.
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FIG. 3. Norm of the Sn0
spiral solutions as a function of Ri for

k0=3.76 and 1�n0�6.
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As shown in Fig. 4, the CCF also becomes unstable with
respect to perturbations of lower k for slightly higher inner
Reynolds number Ri. These are primary instabilities also is-
sued from local Hopf bifurcations of the CCF, thus leading to
another family of spirals. These bifurcating spirals can barely
be observed for a very short lapse of time when starting from
initial conditions proportional to the eigenvector associated
to the second bifurcating eigenvalue. However, after some
short transient period, the spirals associated with the cen-
trifugal mechanism �associated with the rightmost positive
eigenvalue� take over the dynamics, being impossible to use
this transient time integration as a successful initial guess for
the Newton-Krylov method.

The computation of these spiral shear modes required two
different techniques. The first one consisted of artificially
cutting off the range of active axial modes �typically, k0L
�3.0� in order to avoid linear instability of the centrifugal
branch during the time evolution. By drastically reducing the
number of axial modes in the Navier-Stokes solver, it was
possible to reproduce an unresolved rotating wave. This nu-
merical artifact was then used as initial seed in the Newton-
Krylov method, later recovering spectral accuracy by in-
creasing L the algorithm and recovering spectral accuracy
again. The second technique was based on a quasistatic ho-
motopy transformation in �, combined with an axial forcing.
By including axial advection and reducing � it was possible
to find other spirals of larger wavelength. A very careful
variation of these two combined effects sometimes suc-
ceeded in recovering low axial wave-number rotating waves

for our original problem. However, the described procedures
have only been successful for n0=2 and n0=3 cases.

Two families of other solutions have been found. One of
them is spirals that bifurcate supercritically from the CCF.
The other family consists of ribbons, apparently discon-
nected from the CCF. Figure 6 shows both families for k0
=2.5, where the lower branch corresponds to a supercritical
spiral family whose inner structure is detailed in Figs. 8�c�
and 9�c�. The upper branch shown in Fig. 6 corresponds to a
ribbons’ family represented in Figs. 8�b� and 9�b�. This last
curve has a more intricated structure with two turning points.
According to our computations, our continuation scheme
could not find a connection between this branch and the
CCF. With the aforementioned cutoff and homotopy tech-
niques we managed to compute other families of spirals with
a lower axial wave-number limit of k0=1.7. Figure 7 shows
this branch whose longer axial structure is clearly visualized
in Figs. 8�d� and 9�d�. Unfortunately, none of these longer
spirals have been found to be subcritical. These families of
waves are characterized by having active dynamics in the
outer radial wall as can be seen in the vorticity distributions
shown in Fig. 8.

IV. CONCLUSIONS

We have explored the skeleton of equilibrium solutions
for Taylor-Couette flows in small-gap counter-rotating situa-
tions. This has been done for a fixed value of the outer Rey-
nolds number where experimentalists have detected intermit-
tency phenomena. Our results confirm that the Hopf
bifurcations that lead to spiral secondary regimes are of sub-
critical nature in many cases. These spirals are in general

k
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-20
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FIG. 4. Shear �dashed curve� and centrifugal �continuous curve�
leading eigenvalue real parts of azimuthal mode n=3 for Ri=470
�gray� and Ri=500 �black�.

ri ro ri ro ri ro

z = 3

z = 0

rnod.

FIG. 5. �Color online� Eigenstream functions corresponding to
the bifurcating centrifugal �left� and shear �center� radial modes for
Ri=470 and Ri=500, respectively. On the right, shaded region
shows the centrifugally unstable radial domain bounded by r=rnod.
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FIG. 6. Continuation curves of the ribbon solution �top, �� and
spiral waves S3 �bottom, �� as a function of Ri for k0=2.5.
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FIG. 7. Continuation curve of the S2 solution as a function of Ri

for k0=1.7.
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unstable with respect to perturbations of different helicities,
although they may be stable in their own helicoidal sub-
space. The spirals arising from the first bifurcation of the
CCF have short axial wavelengths and their dynamics is con-
fined within the centrifugally unstable radial layer. Other
families of rotating spirals born in bifurcations of secondary
eigenvalues with longer axial wavelength have been identi-
fied by means of an initial severe truncation of the axial
wave-number range, thereafter recovering spectral accuracy
with the Newton-Krylov method. Rotating ribbons have also
been found by homotopy transformations in the radius ratio
combined with axial advection forcing. Quasistatical recov-
ery of the original values sometimes succeeded in finding
this exotic type of solution. Continuation of the ribbon fam-
ily did not reconnect with the basic flow. Overall, the sub-
critical nature of the bifurcating spirals might shed some
light on the intermittency phenomena that experimentalists
have found in nearby regions of the parameter space and for
the same radius ratio. This work addresses the exploration of
equilibria in a problem that can be an excellent experimental
and theoretical framework to study subcritical transition to
turbulence in shear flows. However, further exploration
should be carried out for higher outer rotations in order to
confirm whether the subcriticality of these invariant solutions
gets more pronounced and can therefore account for hyster-
etic phenomena observed in experiments. Other laminar sec-
ondary regimes such as interpenetrating spirals should be
explored as well. These and other tasks will be carried out in
future investigations.
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APPENDIX: SOLENOIDAL SPECTRAL BASES

In what follows, we define

� =
1 + �

1 − �
, x�r� = 2r − � �A1�

that maps the radial domain r� �ri ,ro� to the interval
x� �−1,1� and

hm�r� = �1 − x2�Tm�x�, gm�r� = �1 − x2�2Tm�x� , �A2�

where Tm�r� is the Chebyshev polynomial of degree m and
w�x�=1 /�1−x2 is the weight function within the interval
�−1,1�. The functions in Eq. �A2� satisfy

hm�ri� = hm�ro� = 0, �A3�

gm�ri� = gm�ro� = Dgm�ri� = Dgm�ro� = 0, �A4�

where D stands for the radial differentiation operator d /dr.

(a) (b) (c) (d)

ri ro ri ro ri ro ri ro

2π

k0

FIG. 8. �Color online� Contours of azimuthal vorticity ��
�u�� for three different families of rotating waves in �=const.
section within �r ,z�� �ri ,ro�� �0,2� /k0�. �a� S5 spiral mode corre-
sponding to point � in Fig. 2 at Ri=448 and k=5.125. �b� Ribbon
corresponding to point � in Fig. 6 at Ri=500 and k0=2.5. �c� S3

spiral corresponding to point � in Fig. 6 at Ri=512.2 and k0=2.5.
�d� S2 spiral corresponding to point � in Fig. 7 at Ri=601.9 and
k0=1.7

(b)

(a)

(c)

(d)

FIG. 9. �Color online� �a�–�d� Same as in Fig. 8, showing con-
tours of radial vorticity ���u�r in r=const. section within �� ,z�
� �0,2��� �0,2� /k0�.
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The trial basis for axisymmetric fields �n=0� is given by

vm
�1��r� = � 0

hm

0
, vm

�2��r� = � − ilk0rgm

0

D�rgm� + gm
 , �A5�

except that the third component of vm
�2� is replaced with hm

when l=0, whereas for the nonaxisymmetric case the basis is

vm
�1��r� = � − ingm

D�rgm�
0

, vm
�2��r� = � 0

− ilk0rhm

inhm
 , �A6�

except that the third component of vm
�2� is replaced by hm

when l=0. For the projection space, the basis corresponding
to axisymmetric fields is

ṽm
�1��r� = w�x�� 0

rhm

0
 , �A7�

ṽm
�2��r� = r−2w�x�� ilk0gm

0

D+gm + 2r−1�1 − x2 + rx�hm
 , �A8�

where D+=D+1 /r and the third component of ṽm
�2� is re-

placed by rhm if l=0. The basis for the nonaxisymmetric case
is

ṽm
�1��r� = w�x�� inrgm

rD+�rgm� + 2xr2hm

0
 , �A9�

ṽm
�2��r� = w�x�� 0

ilk0r2hm

− inrhm
 . �A10�
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